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First-order Linear Differential Equations —Bf} & 146
T (p424)

Standard form (F#rAEFS ) of the first-order linear differential equation:

dy p _
v (x)y =Q(x)

First order: dy/dx
Linear: dy/dx and y occur only to the first power

If Q(x) =0, Z—z + P(x)y = 0 is called homogeneous differential equation

First-order linear homogeneous differential equation(—Bfy & 455 X5 H &)

Y by =0
dx XY=

d
@_ —P(x)dx seperate variables

In|y| = —fP(x)dx +C;

y = Ce JP@Wdx (¢ = te0) general solution

Examplel: Find the general solution of

dy 2y
dx x+1
Solution
dy 2y
E=x+1
dy  2dx
7_x+1

In|ly| =2In|x + 1| + C;
y=Clx+1)* (C=zteD)
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Variation of Parameters (%1% 5 %) to solve first-order linear differential
equation

In mathematics, variation of parameters, also known as_variation of constants, is a general method to
solve inhomogeneous linear ordinary differential equations.

The method of variation of parameters was first sketched by the Swiss mathematician Leonhard Euler

(1707-1783), and later completed by the Italian-French mathematician Joseph-Louis Lagrange (1736—
1813).

3—?2 + P(x)y = Q(x) inhomogeneous equation

Replace C with u(x) inthe general solution of the homogeneous equation:
y = u(x)e— [ P()dx
dy
dx
we=JP@AX _yp(x)e=IPCIx 4 p(x)u(x)e=[P®E = Q(x)
we—P(dx — Q(x)
u = Q(x)efP(x)dx

- ure—fP(x)dx _ up(x)e—fP(x)dx

u= f Q(x)el P@axgy 4 ¢
Replace C with u(x) inthe general solution of the homogeneous equation:

y = e~ [ P(x)dx (f Q(x)efP(x)dxdx + C)

y = Ce_fP(x)dx + e—fP(x)dx {Q(x)efp(x)dxdx
J

The General solution A Particular Solution of
of the homogeneous the non-homogeneous
equation equation

Example2: Find the general solution of
dy 2y
dx x+1

Solution: replace € with u(x) in the general solution of the homogeneous
equation

= (x +1)%/?

y=u(x+1)? = e ———————— (1)
dy
—_— ! 12 2 1
Ix u'(x+ 1)+ 2u(x+1)
2 +1)?
W+ 1)? 4+ 2u(x+ 1) — % = (x + 1)5/2

du
a(x +1)?2=(x+1)5%? = du=(x+1)Y%dx
x3/2 2
EE—— VE T
u 372 3x +C
Plug u in equation (1)

2 3
y = (gxi + C) (x + 1)? general soluton
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Example3: Find the general solution for the following differential equations
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dy x
E + y=e
Step 1: for the homogeneous equation
dy dy dy
—— =0 > —=-y > —=-d
dx Ty dx Y y x
Inly| = —x+(;
y=Ce™™*
Step 2: for the inhomogeneous equation
dy Cx
ax T
y=ue*
d
% =u'e ™ —ue™*
Plug in the differential equation
du
ue*—ue*+ueF=e* 5 —eF=e"*
dx
du =dx
u=x+C¢C
y=x+0e™*

u’ -1 u 2 du 2
—tu—+—5=x+3+- > —=x+3+-
X x2  xZ X xdx x
du = (x% + 3x + 2)dx
3 2
=—+3x—+2x+C
U=37°3
x3 x?
y=(+3=+2x+0C)/x
3 2
_x2+3x+2+C
Y=3 75 X

xy' +y=x*+3x+2
Y +y/x=x+3+2/x
Step 1: for the homogeneous equation

y +y/x=0

dy y dy dx
V=7 =5 L = ——
dx x y x

In|y| = —In|x| + ¢;
y=C/x

Step 2: for the inhomogeneous equation
Yy +y/x=x+3+2/x

y=u/x
dy u' -1
ax -~ x TV

Plug in the differential equation

y' +ycosx =e SIN¥

Step 1: for the homogeneous equation
y' +ycosx =0

dy _

Tx Y COS X
_y= —cosxdx

y

In|y| = —sinx + C;
y = Ce™Sinx

Step 2: for the inhomogeneous equation
y' 4+ ycosx = e~ SIn¥
y = ue=sinx

dy/dx = u'e”S"* — ye~S"*(cos x)

w'e™SINY — ye~SIN¥(cosx) + ue”S"¥ cos x = e~ SINX

(du/dx)e=S* = e=SINX = gy = dx

u=x+C¢C

y = (x + C)e—sinx

y' + ytanx = sin 2x
y =—2cos?x + Ccosx

(x2=1)y' +2xy —cosx =0
y = (sinx +C)/(x? — 1)

1
dy/dx = ——
y/dx x+y

Solution1: as a first-order linear differential equation
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dx

ay -~ ty oo €Y)

dx

E -x=y first order linear differential equation
Find the homogeneous solution

dx

T

dx

P

Inlx| =y +C;

x =eYtC1 = Ce¥ general solution of homogeneous equation

Replace € with u(y) inthe general solution

x=ue?¥ ————————————-———— (2)
dx

—=u'e” +ue”

dy

Plug into equation (1)
u'e’ +ue¥ =ue¥ +y

u
uveY=y >—e¥=y

dy
du =ye Vdy
u= fye‘ydy
letv=e,—y=Inv,dv=—eYdy

u=f(—y)(—e‘y)dy=flnvdv=vlnv—v+C

u=eV(-y)—eV+C
Plug into equation (2)
x=(—ye™V —eV+C)e’=—-y—1+Ce”

Solution2: change of variables
dy 1
dx x+y

letu=x+y,y=u—x,——=—-—
etu=x+yy=u—x_-=_

Plug into equation (1)

du 1 1 du 1+1 1+u
—_— = D — = — =
dx u dx u u
u

du = dx
1+u

u u+1-1 1
x=f du=f—du=fdu—f du
1+u 14+u 14+u

1
X=u f1+u (1+uw)=u—In|l+u|+

x=x+y—-In|ll+x+y|+C
Inll+x+yl=y+C
1+x+y=_Ce”

dy
E—ytanxzsecx, Ylx=0 =0
y=(x+C)secx >C=0
y = xsecx
dy CosXx
a+ycotx = Se , V=2 = —4
(=5e5* + ()
sinx
_ (_Secosx _ 1)
Y= sin x




