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Differential Equations 微分方程 3:一阶线性微分方程 

Note First-order Linear Differential Equations 一阶线性微

分方程 (p424)  

Standard form (标准形式)of the first-order linear differential equation: 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥) 

First order: 𝑑𝑦/𝑑𝑥 

Linear: 𝑑𝑦/𝑑𝑥 and 𝑦 occur only to the first power 

If 𝑄(𝑥) = 0, 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 0 is called homogeneous differential equation 

 

First-order linear homogeneous differential equation(一阶线性齐次微分方程) 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 0 

𝑑𝑦

𝑦
= −𝑃(𝑥)𝑑𝑥                                             𝑠𝑒𝑝𝑒𝑟𝑎𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 

ln|𝑦| = − ∫ 𝑃(𝑥)𝑑𝑥 + 𝐶1 

𝑦 = 𝐶𝑒− ∫ 𝑃(𝑥)𝑑𝑥   (𝐶 = ±𝑒𝐶1)                  𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 

Example1: Find the general solution of 

𝑑𝑦

𝑑𝑥
−

2𝑦

𝑥 + 1
= 0 

Solution 

𝑑𝑦

𝑑𝑥
=

2𝑦

𝑥 + 1
 

𝑑𝑦

𝑦
=

2𝑑𝑥

𝑥 + 1
 

ln|𝑦| = 2 ln|𝑥 + 1| + 𝐶1 

𝑦 = 𝐶(𝑥 + 1)2   (𝐶 = ±𝑒𝐶1) 
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Differential Equations 微分方程 3:一阶线性微分方程 

Note Variation of Parameters (参数变易法) to solve first-order linear differential 

equation 
In mathematics, variation of parameters, also known as variation of constants, is a general method to 

solve inhomogeneous linear ordinary differential equations. 

The method of variation of parameters was first sketched by the Swiss mathematician Leonhard Euler 

(1707–1783), and later completed by the Italian-French mathematician Joseph-Louis Lagrange (1736–

1813). 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)             𝑖𝑛ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

Replace 𝐶 with 𝑢(𝑥) in the general solution of the homogeneous equation: 

𝑦 = 𝑢(𝑥)𝑒− ∫ 𝑃(𝑥)𝑑𝑥 

𝑑𝑦

𝑑𝑥
= 𝑢′𝑒− ∫ 𝑃(𝑥)𝑑𝑥 − 𝑢𝑃(𝑥)𝑒− ∫ 𝑃(𝑥)𝑑𝑥 

𝑢′𝑒− ∫ 𝑃(𝑥)𝑑𝑥 − 𝑢𝑃(𝑥)𝑒− ∫ 𝑃(𝑥)𝑑𝑥 + 𝑃(𝑥)𝑢(𝑥)𝑒− ∫ 𝑃(𝑥)𝑑𝑥 = 𝑄(𝑥) 

𝑢′𝑒− ∫ 𝑃(𝑥)𝑑𝑥 = 𝑄(𝑥) 

𝑢′ = 𝑄(𝑥)𝑒∫ 𝑃(𝑥)𝑑𝑥 

𝑢 = ∫ 𝑄(𝑥)𝑒∫ 𝑃(𝑥)𝑑𝑥𝑑𝑥 + 𝐶 

Replace 𝐶 with 𝑢(𝑥) in the general solution of the homogeneous equation:  

𝑦 = 𝑒− ∫ 𝑃(𝑥)𝑑𝑥 (∫ 𝑄(𝑥)𝑒∫ 𝑃(𝑥)𝑑𝑥𝑑𝑥 + 𝐶) 

𝑦 = 𝐶𝑒− ∫ 𝑃(𝑥)𝑑𝑥 + 𝑒− ∫ 𝑃(𝑥)𝑑𝑥 ∫ 𝑄(𝑥)𝑒∫ 𝑃(𝑥)𝑑𝑥𝑑𝑥 

 

 

 

 

 

Example2: Find the general solution of 

𝑑𝑦

𝑑𝑥
−

2𝑦

𝑥 + 1
= (𝑥 + 1)5/2 

Solution: replace 𝐶 with 𝑢(𝑥) in the general solution of the homogeneous 

equation 

𝑦 = 𝑢(𝑥 + 1)2                  − − − − − − − − − − − − −  (1) 

𝑑𝑦

𝑑𝑥
= 𝑢′(𝑥 + 1)2 + 2𝑢(𝑥 + 1) 

𝑢′(𝑥 + 1)2 + 2𝑢(𝑥 + 1) −
2𝑢(𝑥 + 1)2

𝑥 + 1
= (𝑥 + 1)5/2 

𝑑𝑢

𝑑𝑥
(𝑥 + 1)2 = (𝑥 + 1)5/2  ⇒  𝑑𝑢 = (𝑥 + 1)1/2𝑑𝑥 

𝑢 =
𝑥3/2

3/2
=

2

3
𝑥3/2 + 𝐶 

Plug 𝑢 in equation (1) 

𝑦 = (
2

3
𝑥

3
2 + 𝐶) (𝑥 + 1)2                  general soluton 

 

  

The General solution 

of the homogeneous 

equation 

A Particular Solution of 

the non-homogeneous 

equation 
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Differential Equations 微分方程 3:一阶线性微分方程 

Note Example3: Find the general solution for the following differential equations 

𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒−𝑥 

Step 1: for the homogeneous equation 

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0  ⇒   

𝑑𝑦

𝑑𝑥
= −𝑦  ⇒   

𝑑𝑦

𝑦
= −𝑑𝑥 

ln|𝑦| = −𝑥 + 𝐶1 

𝑦 = 𝐶𝑒−𝑥 

Step 2: for the inhomogeneous equation 

𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒−𝑥 

𝑦 = 𝑢𝑒−𝑥 

𝑑𝑦

𝑑𝑥
= 𝑢′𝑒−𝑥 − 𝑢𝑒−𝑥 

Plug in the differential equation 

𝑢′𝑒−𝑥 − 𝑢𝑒−𝑥 + 𝑢𝑒−𝑥 = 𝑒−𝑥   ⇒  
𝑑𝑢

𝑑𝑥
𝑒−𝑥 = 𝑒−𝑥 

𝑑𝑢 = 𝑑𝑥 

𝑢 = 𝑥 + 𝐶 

𝑦 = (𝑥 + 𝐶)𝑒−𝑥 
  

𝑥𝑦′ + 𝑦 = 𝑥2 + 3𝑥 + 2 

𝑦′ + 𝑦/𝑥 = 𝑥 + 3 + 2/𝑥 

Step 1: for the homogeneous equation 

𝑦′ + 𝑦/𝑥 = 0 

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
  ⇒  

𝑑𝑦

𝑦
= −

𝑑𝑥

𝑥
 

ln|𝑦| = − ln|𝑥| + 𝐶1 

𝑦 = 𝐶/𝑥 

Step 2: for the inhomogeneous equation 

𝑦′ + 𝑦/𝑥 = 𝑥 + 3 + 2/𝑥 

𝑦 = 𝑢/𝑥 

𝑑𝑦

𝑑𝑥
=

𝑢′

𝑥
+ 𝑢

−1

𝑥2
 

Plug in the differential equation 

𝑢′

𝑥
+ 𝑢

−1

𝑥2
+

𝑢

𝑥2
= 𝑥 + 3 +

2

𝑥
  ⇒    

𝑑𝑢

𝑥𝑑𝑥
= 𝑥 + 3 +

2

𝑥
 

𝑑𝑢 = (𝑥2 + 3𝑥 + 2)𝑑𝑥 

𝑢 =
𝑥3

3
+ 3

𝑥2

2
+ 2𝑥 + 𝐶 

𝑦 = (
𝑥3

3
+ 3

𝑥2

2
+ 2𝑥 + 𝐶)/𝑥 

𝑦 =
𝑥2

3
+

3𝑥

2
+ 2 +

𝐶

𝑥
 

  
𝑦′ + 𝑦 cos 𝑥 = e− sin 𝑥 

Step 1: for the homogeneous equation 

𝑦′ + 𝑦 cos 𝑥 = 0 

𝑑𝑦

𝑑𝑥
= −𝑦 cos 𝑥 

𝑑𝑦

𝑦
= − cos 𝑥 𝑑𝑥 

ln|𝑦| = − sin 𝑥 + 𝐶1 

𝑦 = 𝐶𝑒−sin 𝑥 

Step 2: for the inhomogeneous equation 

𝑦′ + 𝑦 cos 𝑥 = e− sin 𝑥 

𝑦 = 𝑢𝑒− sin 𝑥 

𝑑𝑦/𝑑𝑥 = 𝑢′𝑒− sin 𝑥 − 𝑢𝑒−sin 𝑥(cos 𝑥) 

𝑢′𝑒− sin 𝑥 − 𝑢𝑒−sin 𝑥(cos 𝑥) + 𝑢𝑒− sin 𝑥 cos 𝑥 = e− sin 𝑥 

(𝑑𝑢/𝑑𝑥)𝑒− sin 𝑥 = e− sin 𝑥    ⇒ 𝑑𝑢 = 𝑑𝑥   

𝑢 = 𝑥 + 𝐶 

𝑦 = (𝑥 + 𝐶)𝑒− sin 𝑥   
𝑦′ + 𝑦 tan 𝑥 = sin 2𝑥 

𝑦 = −2 cos2 𝑥 + 𝐶 cos 𝑥 
  

(𝑥2 − 1)𝑦′ + 2𝑥𝑦 − cos 𝑥 = 0 

𝑦 = (sin 𝑥 + 𝐶)/(𝑥2 − 1) 
  

𝑑𝑦/𝑑𝑥 =
1

𝑥 + 𝑦
 

Solution1: as a first-order linear differential equation 
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Differential Equations 微分方程 3:一阶线性微分方程 

Note 𝑑𝑥

𝑑𝑦
= 𝑥 + 𝑦       − − − − − − − − − − − − − −(1) 

𝑑𝑥

𝑑𝑦
− 𝑥 = 𝑦                                 first order linear differential equation 

Find the homogeneous solution 

𝑑𝑥

𝑑𝑦
− 𝑥 = 0 

𝑑𝑥

𝑥
= 𝑑𝑦 

ln|𝑥| = 𝑦 + 𝐶1 

𝑥 = 𝑒𝑦+𝐶1 = 𝐶𝑒𝑦                      general solution of homogeneous equation 

Replace 𝐶 with 𝑢(𝑦) in the general solution 

𝑥 = 𝑢𝑒𝑦       − − − − − − − − − − − − − − − −(2) 

𝑑𝑥

𝑑𝑦
= u′𝑒𝑦 + 𝑢𝑒𝑦 

Plug into equation (1) 

u′𝑒𝑦 + 𝑢𝑒𝑦 = 𝑢𝑒𝑦 + 𝑦 

u′𝑒𝑦 = 𝑦  ⇒
𝑑𝑢

𝑑𝑦
𝑒𝑦 = 𝑦 

𝑑𝑢 = 𝑦𝑒−𝑦𝑑𝑦 

𝑢 = ∫ 𝑦𝑒−𝑦𝑑𝑦 

let 𝑣 = 𝑒−𝑦, −𝑦 = ln 𝑣 , 𝑑𝑣 = −𝑒−𝑦𝑑𝑦 

𝑢 = ∫(−𝑦)(−𝑒−𝑦)𝑑𝑦 = ∫ ln 𝑣 𝑑𝑣 = 𝑣 ln 𝑣 − 𝑣 + 𝐶 

𝑢 = 𝑒−𝑦(−𝑦) − 𝑒−𝑦 + 𝐶 

Plug into equation (2) 

𝑥 = (−𝑦𝑒−𝑦 − 𝑒−𝑦 + 𝐶)𝑒𝑦 = −y − 1 + 𝐶𝑒𝑦 

 

Solution2: change of variables 

𝑑𝑦

𝑑𝑥
=

1

𝑥 + 𝑦
           − − − − − − − − − − − − − −(1)  

let 𝑢 = 𝑥 + 𝑦, 𝑦 = 𝑢 − 𝑥,
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
− 1 

Plug into equation (1) 

𝑑𝑢

𝑑𝑥
− 1 =

1

𝑢
 ⇒

𝑑𝑢

𝑑𝑥
=

1

𝑢
+ 1 =

1 + 𝑢

𝑢
 

𝑢

1 + 𝑢
𝑑𝑢 = 𝑑𝑥 

𝑥 = ∫
𝑢

1 + 𝑢
𝑑𝑢 = ∫

𝑢 + 1 − 1

1 + 𝑢
𝑑𝑢 = ∫ 𝑑𝑢 − ∫

1

1 + 𝑢
𝑑𝑢 

𝑥 = 𝑢 − ∫
1

1 + 𝑢
𝑑(1 + 𝑢) = 𝑢 − ln|1 + 𝑢| + 𝐶 

𝑥 = 𝑥 + 𝑦 − ln|1 + 𝑥 + 𝑦| + 𝐶 

ln|1 + 𝑥 + 𝑦| = 𝑦 + 𝐶 

1 + 𝑥 + 𝑦 = 𝐶𝑒𝑦 
 

𝑑𝑦

𝑑𝑥
− 𝑦 tan 𝑥 = sec 𝑥  , 𝑦|𝑥=0 = 0 

𝑦 = (𝑥 + 𝐶) sec 𝑥  ⇒ 𝐶 = 0 

𝑦 = 𝑥 sec 𝑥 
 

𝑑𝑦

𝑑𝑥
+ 𝑦 cot 𝑥 = 5𝑒cos 𝑥  , 𝑦|𝑥=𝜋/2 = −4 

𝑦 =
(−5𝑒cos 𝑥 + 𝐶)

sin 𝑥
⇒ 𝐶 = −1 

𝑦 =
(−5𝑒cos 𝑥 − 1)

sin 𝑥
 

 


